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Dimensionality reduction

PCA

Principal component analysis (PCA) is a technique that is useful for the compression
and classification of data. The purpose is to reduce the dimensionality of a data set
(sample) by finding a new set of variables, smaller than the original set of variables,
that nonetheless retains most of the sample's information.

By information we mean the variation present in the sample, given by the correlations
between the original variables. The new variables, called principal components
(PCs), are uncorrelated, and are ordered by the fraction of the total information each

retains.

PCA mathematic definitions:
e T(M X N) is a linear transformation
e X;(M x 1) is the corresponding eigenvector of A; eigenvalue:
T (X)) = AiX;
e The eigenvalues are found using the characteristic polynomial [T — AI| =0

e The corresponding eigenvectors are found using (T —A4;1) - X; =0

PCA algorithm:

1. Given the input Yjyx,; when N- number of trials, M- number of samples in
each trial

2. Subtract the mean from each dimension of X =Y — E(Y). For each sample
point/variable dimension we subtract the mean (calculated over trials).

3. Derive eigenvalues and eigenvectors of the Covariance Matrix X7 - X. No
need to normalize the matrix to number of trials N, although the real
covariance matrix does so.

4. Sort the eigenvalues in descending order (from highest to lowest) and write
the diagonalizing matrix with the adequate eigenvectors v;[M X 1]. The
eigenvectors are the principal components.

5. To find the projection of trial k (The k-th row of matrix X) on the principal
component v; we will calculate the dot product k - v;, which will be a scalar

representing the size of the projected trial k on this principal component.


mailto:nativyardenac@gmail.com

Written by Yarden Nativ, mail: nativyardenac@gmail.com

Class Exercise:

Given a very simplistic set of recordings with 2 samples for each observation:

ty L
trial 1 2 6
trial 2 1.5 5
trial 3 2.5 4

The matrix Y is given by:

2 6
Y=(15 5
25 4

The expectation of the Y is the vector of the averages of the columns:

EXY)=(@2 5)
And the matrix X =Y — E(Y) is:

0 1
X = (—0.5 0 )
05 -1

The Covariance matrix is given by:

o 1\ 0 1 0o 1
v [ ( _(0 —05 05\ (_
Cov =X X—( 0.5 0) <0.5 0)—(1 0 _1)<05 0)

05 -1

05 -1 05 -1
_ ( 0.5 —0.5)
-0.5 2
Now we want to diagonalize the matrix using the characteristic polynomial:
[Cov—2AI| =0
05-2 —05]_ 0
—-05 2-2A

(05-2)(2—=2)—(=0.5)-05=0
A2-25-14075=0
A, = 03486 A, =2.1514

Ai
./1)'

it

To find the projections of the vectors on those eigenvalues we need to find the

A, represents 85% of the variability of the original data (using the calculation

eigenvectors using (Cov — A;1) - V; = 0.
For 1,, we will assume V; = (}):

(0.5 —0.3486 -0.5
-0.5 2—0.3486

- 0.3028a—-b=0- b=0.3028a

a a 1
h= (b) = (0.3028a) ~h= (0.3028)

) ) (Z) —First row multiplication () 1514 — 0.5p = 0
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We want to use an orthonormal system of eigenvectors. Therefore, we will do a

normalization of each vector:

v o L _ (0.9571)
1,normalized m 0.2898
Similarly:
—0.2898
Vz,normalized = ( 0.9571 )

0.9571

The projection of trial 1, (0,1) on the eigenvector V; is (0,1) - (0 2898

) — 0.2898

Class Discussion: What are the limitations of PCA?

* Assumptions:
* Mean and variance (moments 1&2) are sufficient statistics.
» Large variances are important.
* The covariance matrix is diagonalizable.
* Limitations:
* Linear transformation.
» Properties:

* PCs are orthogonal.

Class Exercise:

2007 exam: The shape of spikes recorded in the Animalis Simplistics may be
described by:
A(n) = a(mVy + p()V,
(A, V1 & V2 are vectors of length T).
The values of @ are normally distributed (u = 0,0 = 1), and B(n) = 2a(n).

After performing PCA on the spikes, the number k of non-zero eigenvalues:

A k=0

B k=1
C k=2
D k>2

E k=n
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Solution:
The maximum possible eigenvalues is 2 because the linear combination is given with
two vectors. Nevertheless, given that §(n) is a linear combination of a(n) we can
understand that there is only 1 eigenvalue, therefore the answer is B.
Computationally:
A=aV, + BV, = a(V, +2V,)

we’'ll define:

Vi+2V, =V,
Therefore:

A= als

All of the information can be represented within one dimension, so there is only one
eigenvalue to represent all of the data variability.

Class Exercise:

2006 exam: For which of the following two variable distributions is the first principal
component (as calculated using PCA) most useful?

Solution:
The 2-dimensional distribution is B shows the biggest variance along one axis,
therefore this data will be best suited for PCA.
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ICA: Independent component analysis
ICA separates the data into statistically independent components. Differently than
PCA, the algorithm assumes that the sources of the data are independent and non-
Gaussian (at most one can be Gaussian).
Nevertheless, there is no closed solution for ICA algorithms. Commonly, most of the
algorithms try to follow one of the possibilities:
¢ Maximize non-Gaussianity of recovered sources, using:
o Kurtosis (=0 for a Gaussian)
o Entropy (maximal for a Gaussian)
¢ Minimize mutual information between recovered signal components — less

information—more independence.

e Maximum likelihood — includes information on priors for the sources.

PCA vs. ICA:
» PCA finds direction of maximal variance
» ICA finds direction of maximal independence in non-Gaussian data (higher-
order statistics).

* ICA can be used for blind source separation.
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Class Exercise for self-learning:

Exercise: The MEG signal recorded by two Squids (SA & SB) is distributed Normally
N(u=0,0=1). Given the 3th moment and so on are 0, during three experiments the

following covariance matrices were calculated

! 1 05 1 0
Cov, (84, SB):[ L1 ] C()‘VE(SA,SB)z[O s J Cov,(S4,SB) =[0 IJ

a) Sketch sample values of SA vs. SB for the three experiments (demonstrating
the joint distribution)

b) Estimate the eigenvalues and eigenvectors for the three experiments

¢) In which experiment do the sensors display the highest redundancy and in

which one the lowest? Explain.

Full Hebrew solution to exercise for self learning:

NNV YOya OMNPON DX ONIXMN Covariance NXIVNI MTINYN YNVPI .N
NTTNY S4-2 NN DTN P2 NHRND THNMN NTIPI D12 2NN INPA NIOITHN

NN TV 590 ,NP5NIN P NINTN ONY 2D IN1NA ,10Y .Sp-2 a3 ININD NN
PN D23 DY MITIYN M NVPY DY IPN DDA DY NN

TAN PN N2 N DR NN 2 DaAPI Cov,(Sy, Sg) = (_11 _11) 3y
19N

(1 05
DX NIV N2AY 1N DINNNN NN 22 92 Cov, (S, Sg) = 05 1 3y

:TND DY OYOIIMINNIN N OMIOIMN
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1 0
0 1

;DN 10N ISV NN ,NID NT OOOINNIIN

DYV MY NIAY PN DIRNNDD NN 2 9Py Covs(Sy, Sp) = ( ) T2y

VINOW Y NINVN DD NNAY DMNNYN DINOVPINM DMNNYN DIDIYN NN AWN) .2
IMNIN DIPDN

: 2y (1)

21N MNIMNIND DIV
P=|Cov; —Al| =0
: ]351

1-1 -1

— (1 =212 —1 =22 _
St lFa-pr-1=2-2
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$D»NINY D9 NY \)52",7
Al - 2 Az B 0

M OPPIM A, = 2y Y, (Covy — Al - V = 0 nRIWNA 0NN TNN DI 298
:TMINI0N NPT NIN PINSN

(5 )= D=0 )

: ]351

V=2 = (1, —1) »msyn 907 0N AN

:TNIVN NPT NN PNINSN D O»pnn A, = 0y

(1—_10 1_—10):(—11 _11) =t ((1) _01)

1199

Vi,=0 = (1, 1) 0890 MO 0IRNN NN

: 2y (2)

217 MMNIND DN
P =|Cov, —AlI| =0

£19
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1=2 05 |_ i 12 aoc_ 22

o 1_A|_(1 )% —0.25 = A2 — 21+ 0.75
24vV4—4-075 2+1

M = 2 2

$DN8Y DY NIV 192D
).1 = 15 12 = 05

o»pm Ay = 1.5y 195 ,(Cov, — Al) - V = 0 nxNwN1a DNn TN 92 1N
:TMIXIVN NPT NXIN PN D

(05" 10157 (05 S0 =™ (5" %)

399
—0.5V, +0.51, =0
V=1,
V=15 = (1, 1) 20880 M0 0RO NN
:TINVN NPT XN PINAN D O»Pn A4 = 0.5 My

(1—0.5 0.5 )_(0.5 0.5) _Ry=Ry—Ry (0.5 0.5)

0.5 1-05/ \0.5 0.5 0 0

: ]351

0.5V, + 0.5V, = 0

V3,20 = (1, —1) »n8yn MomY 0Ixnn A

: 2y (3)

Covs(Ss, Sg) = ((1) (1))
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:117N2Y DPPNNI NIDINYN 21D NNIVNN

$92199 ,51I¥N YNVPI DN DIIRNNN DNIYN DINVPIM

’V2/11=1 = (O, 1) ’V1/11=1 = (1, O)

;1Y PYOY NNOVN NYAL

Cov matrix 1 -1 1 05 1 0
G Gs ) G
A —eigen values A =2 A =15 ML=1=1
/12 = 0 AZ == 05
V —eigenvectors |V -, =(1,—-1)| V3 -15=(11) Vi o = (1,0)
M=o =11 | Vi=os =L -D | v, _, =(0,1)

D1 YD 25 DWW DO A PYDD NIWNN DN /N PYDD NIWNN MYSNNI L)

NV NI IMN DY DOIANNN DNOPY MW NHYA NN Cov;-N NYIVN PNYNIN

T2 5y Wasnn A = 2 Iy Dapnn 1t NXIVN DY DONIYN DIDIYN NNINNIA 1)

ND12195 (1, —1) OORNNN MINYN NOVPIN YT DY MNYNN 100% 20N 1NNV

N2 NMAN redundancy-n MR DXPIN DXNOIVN ,)NIYNXIN MDD M

17 DY DOYIANNDN DINVPIN 1Y TION NIPN MDD PYOOVN NDNI NNT DYDY

NN ,A = 1 0N NXIVNN DY DPNIYN DIDIYN NI ,IYY TAX DIININD NINIVD

yNN YY Mwnn 50% aon (1,0),(0,1) o»nsyn oMOopnNn TN Y

TN redundancy-n NX ©XXN DMNDIDN PYWHYN NDNA 13D 1D GONIVY

Anya
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